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Proposition (M, ‖ · ‖) defines a complete Finsler manifold. Eσ is

C 1 on M



Palais Smale modulo gauge change.



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ)



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,

then ∃ uj ′ and ψj ′ of W
2,2−diffeomorphisms of S1 such that

~γj ′ ◦ ψj ′ −→ ~σ∞ for dP

�



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,

then ∃ uj ′ and ψj ′ of W
2,2−diffeomorphisms of S1 such that

~γj ′ ◦ ψj ′ −→ ~σ∞ for dP

�

Let A admissible in P(M)



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,

then ∃ uj ′ and ψj ′ of W
2,2−diffeomorphisms of S1 such that

~γj ′ ◦ ψj ′ −→ ~σ∞ for dP

�

Let A admissible in P(M) and

βσ := inf
A∈A

max
~γ∈A

E
σ(~γ)



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,

then ∃ uj ′ and ψj ′ of W
2,2−diffeomorphisms of S1 such that

~γj ′ ◦ ψj ′ −→ ~σ∞ for dP

�

Let A admissible in P(M) and

βσ := inf
A∈A

max
~γ∈A

E
σ(~γ)

Palais Minmax Principle gives ~γσ

E
σ(~γσ) = βσ , DE

σ
~γσ = 0 and ~γσj

⇀ ~γ0 weak. in (W 1,∞)∗



Palais Smale modulo gauge change.
Proposition Let σ > 0 and ~γj ∈ M := W

2,2
imm(S

1,Nn), s.t.

E
σ(~γj) −→ β(σ) and DE

σ
uj
−→ 0 ,

then ∃ uj ′ and ψj ′ of W
2,2−diffeomorphisms of S1 such that

~γj ′ ◦ ψj ′ −→ ~σ∞ for dP

�

Let A admissible in P(M) and

βσ := inf
A∈A

max
~γ∈A

E
σ(~γ)

Palais Minmax Principle gives ~γσ

E
σ(~γσ) = βσ , DE

σ
~γσ = 0 and ~γσj

⇀ ~γ0 weak. in (W 1,∞)∗

Do we have β0 = L(~γ0) and ~γ0 is a geodesic ?
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and

Dβ(σ) = β′(σ) dL1 [0, 1] + µ where µ ⊥ dL1 [0, 1]
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0
β′(s) ds ≤ β(σ)− β(0)
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where 1− χ ∈ C∞([0, 1]) and χ ≡ 0 in [0, 1/2].
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Since the flow is active only if β(σ) ≤ Eσ(~γ) + ε (τ − σ)

Hypothesis above ⇒ ∀ ~γ ∈ A t
~γ
max = +∞

E
σ(~γ)−β(σ) ≥ 0 ⇒

d

dt
E
σ(φt(~γ))

∣

∣

∣

∣

t=0

≤ −C δ2 ⇒ Contrad. !
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∫

Σ
(1 + |d~nΦ|
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Theorem[Langer 1985, Kuwert-Lamm-Li 2015] The Functional Eσ

is Palais Smale modulo reparametrization

E
σ(Φk) → β(σ) > 0 and DE

σ
Φk

→ 0

then there exists Φk′ and Ψk′ ∈ Diff(Σ2) s.t.

ξk′ := Φk′ ◦Ψk′ −→ ξ∞ strongly in W
2,2p(Σ,Nn) ,

and
DE

σ
ξ∞ = 0

�
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Theorem [R. 2016] Let σk → 0 and Φk be a critical point of Eσk

s.t.

E
σk (Φk) → β(0) > 0 and ∂σE

σk (Φk) = o

(

1

σk log σ−1
k

)

then ∃ k ′ s.t.

(Φk′)∗ 1G2(TΣ) ⇀ v := ξ∗ N 1G2(TS) as varifolds

where S is a smooth Riemann surface

genus(S) ≤ genus(Σ) , N ∈ L
∞(S ,N) , ξ ∈ W

1,2(S ,Nn)

moreover

ξ is conformal and v is a stationary varifold
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Let S be a Riemann Surface. Let Φ ∈ W 1,2(S ,Nn) conformal and
N ∈ L∞(S ,N)

(S ,Φ,N) is a Param. Int. Rect. Stat. Var. if for a.e. Ω ∈ S

∀ F ∈ C
1(Nn) supp(F ) ⊂ N

n \Φ(∂Ω)

∫

Ω
N [∇(F (Φ))∇Φ − F (Φ) I(∇Φ,∇Φ)] dx

2

Compare with the harmonic map equation

∀ f ∈ C
1

∫

S

[∇f ∇Φ− f I(∇Φ,∇Φ)] dx
2

Theorem [R.2016] If N ≡ N0, if (S ,Φ,N) is a Param. Int. Rect.

Stat. Var. then Φ is harmonic. �
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Parametrized Integer Rectifiable Varifolds

This is not a parametrized integer rectifiable stationary varifold
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Theorem[Pigati, R. 2017] The space of parametrized integer
rectifiable stationary varifold is weakly sequentially closed in the
space of varifolds.

Recall

Theorem[Allard, 1972] The space of integer rectifiable stationary
varifold is weakly sequentially closed in the space of varifolds.

Theorem[Pigati, R. 2017] A parametrized integer rectifiable
stationary varifold has everywhere integer multiplicity and a plane
as tangent cone away from a dimension 0 set.
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Generalized Question N ∈ L∞(D2,N∗) and Φ ∈ W 1,2(D2,Nn)

− div(N ∇Φ) = N I(∇Φ,∇Φ) in D′(D2)

and Φ is conformal.

Is it true that N ≡ N0 and Φ is an harmonic map ?
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Conclusion so far

Theorem Let A be an admissible Family in W
2,2p
imm (Σ,Nn). Assume

β(0) := inf
A∈A

sup
Φ∈A

Area(Φ)

is positive. Then there exists a param. int. rect. statio. varifold
v = (S ,Φ,N) s.t

β(0) =
1

2

∫

S

N |∇Φ|2 dx
2 and genus(S) ≤ genus(Σ)

If β(0) < 8π
‖ I ‖∞

then (S ,Φ,N) is a smooth minimal embedding.
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Minimal Surface Genealogy in S3 [R. 2017]

N2 = 5

N i
4 = 9

N1
3 = 8 N2

3 = 8

W1(S
3) = 4π

W2(S
3) = 2π2

W
2
3 (S

3)W 1
3 (S

3)

W i
4(S

3)

H∗(SO(4),Z2) = Z2[b1, b3]/(b
4
1 , b

2
3)

Geodesic spheres ≃ S3

Lawson surface ξ1,2

Clifford tori ≃ S2 × S2

?


