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Lecture 3 : A Viscosity Approach

to the Minmax Theory of

Geodesics and Minimal Surfaces.
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N" closed sub-manifold of R™. On
M = W22 (ST N")

mm

consider
Ea(,—y*) ::/ [1—}-02‘/?5'7"2] d/:y'
51

where 7 is the curvature of 7. For V € I'yy22(5 1 TN") consider
1/2
17])5 = USI [|v2v; +IV72, + |7|2] dvo/gﬁ}

Proposition (M, || - ||) defines a complete Finsler manifold. E7 is
Cl on M
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Proposition Let o > 0 and 7; € M = Vl/ii’fn(sl, N™), s.t.
E°(%j) — B(e) and DEJ —0
then 3 uy and v of W?22—diffeomorphisms of S! such that

;Y:‘j" Ol/}j/ — 5300 for dp

Let A admissible in P(M) and

o = inf E°(y
S il me e 0)

Palais Minmax Principle gives 7,

E°(,)=Bs , DEZ =0 and 7, —9 weak. in (W">)*

Do we have ) = L(7p) and 7y is a geodesic ?
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A first difficulty

Proposition There exists 7, critical point of
E°(¥) := Length(7(S%)) + o /51 /@37 dly

in normal parametrization s.t. as ¢ — 0

dY . .
— eakly in (L*°)*
g Joweaklyin (L)
but .
% nowhere strongly converge in L!
and

~o is not a geodesic !
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Proposition Let v, critical point of
E?(7) := Length(9(SY)) + o2 /51 /@% dly
in normal parametrization s.t.
L2 2 _
a|[>n00 /51 k5, dly, =0
thendo; — 0

4,

— strongly in L1
dt 70 gly

and
o is a geodesic
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Theorem Let (M, || - ||) be a complete Finsler manifold. Let
E° € CY(M) for o €]0,1] s.t.

VyeM o— E?(¥) and o — 0,E7(Y)
are increasing and continuous functions with respect to o.Assume
|DES — DEZ |5 < C(o) (|0 — 7]) F(E7(7))
where

C(0) € Li((0,1)) , 6 € Lise(R+) , lim 3(s) =0 and f € Li5.(R).

Assume E7 satisfies (PS).Let A admissible

B(o) = mf sup E7(%)
Ac 'yEA

Then 3 0; — 0 and 7, € M s.t.

1

oo (3)
F1

E% (%)) = Bloj) , DE7(7;) = 0and 95, E% () = o
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Another Proof of Birkhoff Existence Result.
Let A admissible in P(V%f,;fn(Sl, N™)) and

o o T
By = jnf max E7() := Length(5(57)) + o /51 K2 dl;

Struwe Monotonicity gives o; — 0, 7, s.t.
EUJ’(?O'J') = /Baj ) DE%, =0
J

and

1

2 2

: S dl; =

% /51 ;W = © Iog( )
then 4 ajr —0

d7,,

Ay strongly in L1
ar Yo  strongly In

and
o is a geodesic with L(¥o) = o
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Let o be a point of differentiability

c<T<0o+d = B(r)<B(o)+][B(0)+¢e] (r—0)
Ac Aand ¥ € As.t.

{ Blo) < E°(Y) +¢(r—0)

ET(7) < B(7) + (7 —0)

(= 0,E°(7) < B'(0) + 3¢)

Replace the original pseudo-gradient X, for E™ by X?

E?(y) — B(o) +e(r —0)
e(r—o)

xe) = ) %

where 1 — y € C*°([0,1]) and x =0in [0,1/2].
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Assume 30 > 0 (indep. of 7\, o)

{ Blo) < E°(7) +e (1 —0)

= ||DEZ| > 46
ET(7) < B(r) +e(r - 0)

Let Ac As. t.

sup E7(Y) < B(7) +&(7 — o)
YEA

Since the flow is active only if 5(c) < E7(Y) +¢ (T — o)
Hypothesis above = V€ A t,“:’,ax = +00

E°(¥)-B(c) 20 = %EU(@(’V)) <—-Cé = Contrad. !
t=0
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Surfaces.

Let Y2 oriented closed surface. ® immersion of X2 in N". Let i
be the Gauss Map. Consider

E?(®) := Area(®) + o2 /):(1 + |dg|?)P dvoly

on the Finsler Manifold W22P(£2, N™).

Theorem[Langer 1985, Kuwert-Lamm-Li 2015] The Functional E
is Palais Smale modulo reparametrization

E?(®x) = B(0) >0 and DEZ — 0
then there exists ®,s and Wy, € Diff(X?) s.t.
f i =PpoVWy — £ stronglyin  W2?P(X N") |

and
DEgoo =0
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Passing to the Limit ¢ — 0.

Theorem [R. 2016] Let o4 — 0 and &, be a critical point of E%
S.t.

E%(®y) — B(0) >0 and O,E%(Py) =0 (%)

ok logo,
then 3k’ s.t.
(Prr)s 1,15y — vi=& Nlg,(rsy as varifolds
where S is a smooth Riemann surface
genus(S) < genus(X) , Nel®(S,N) , &e WS N
moreover

& isconformal and v s a stationary varifold
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Parametrized Integer Rectifiable Stationary Varifolds

Let S be a Riemann Surface. Let ® € W12(S, N") conformal and
N € L>~(S,N)

(5,9, N) is a Param. Int. Rect. Stat. Var. if fora.e. Q€ S

VY F e CHN™) supp(F) C N™\ &(0Q)

//v [V(F(®))Ve — F(®)I(VD, V)] dx?
Q
Compare with the harmonic map equation

vfect / [VF Vo — FI(VD, V)] dx?
S

Theorem [R.2016] If N = Ny, if (S,®, N) is a Param. Int. Rect.
Stat. Var. then ® is harmonic. O
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classical stationary varifolds
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Parametrized Integer Rectifiable Varifolds

This is not a parametrized integer rectifiable stationary varifold
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Miscellaneous Facts on PIRSV

Theorem[Pigati, R. 2017] The space of parametrized integer
rectifiable stationary varifold is weakly sequentially closed in the
space of varifolds.

Recall

Theorem[Allard, 1972] The space of integer rectifiable stationary
varifold is weakly sequentially closed in the space of varifolds.

Theorem[Pigati, R. 2017] A parametrized integer rectifiable
stationary varifold has everywhere integer multiplicity and a plane
as tangent cone away from a dimension 0 set.
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A Digression to the Conductivity Equation
Open Question Let N € L>(D? N*) and ® € W2?(D? ,R™)

—div(N Vo) =0 in D'(D?)
and ¢ is conformal i.e.
|0 @] = [0, ®|
{ 0, ® - 05,® =0
Is it true that N = Ny and @ is harmonic ?
Theorem[Pigati, R. 2017] The answer is “yes" if m = 2.
Generalized Question N € L°°(D? N*) and ® € W12(D?, N™)
—div(N Vo) = N I(Vo, Vo)  in D'(D?)
and ¢ is conformal.

Is it true that N = Ny and ® is an harmonic map.?
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Conclusion so far

Theorem Let A be an admissible Family in W22P(£, N"). Assume
0) := inf sup Area(d
5(0) Jnf, sup rea(®)

is positive. Then there exists a param. int. rect. statio. varifold
v=(S5,0,N)st

B(0) = %/ N|V®P? dx®> and genus(S) < genus(X)
s

If 5(0) < ”f"foo then (S, ®, N) is a smooth minimal embedding.



Minimal Surface Genealogy in S3 [R. 2017]



Minimal Surface Genealogy in S3 [R. 2017]

‘ J Geodesic spheres ~ S3
T e



Minimal Surface Genealogy in S3 [R. 2017]

@ Clifford tori ~ S2 x §2




Minimal Surface Genealogy in S3 [R. 2017]

H*(50(4),Zy) = Za[by, bs]/ (b1, b3)

7
Ni=9 sy
~ W3’1(53) ~ W32(53)
N} =38 N32 =8 Lawson surface &3 »
@ Clifford tori ~ 52 x S?
W2(53) = 272 Ny =5
J Geodesic spheres ~ S3

E
(V)
N
I
E=N
3



